It is reanalysed some recent results on the dynamical stability of a system involving the interaction of the ELKO spinor field with matter in the universe, and the conclusion is that the system does not exhibit isolated stable points. The system is then rewritten in terms of the deceleration parameter, and under the assumption that such parameter is nearly constant for some different stages of the evolution, stability points were found for different types of interaction between Dark Matter and ELKO spinors. With this new analysis several interesting scenarios are possible, depending on the interaction term. For example, if it is assumed that the equation of state parameter of the ELKO field is of the phantom type, ω φ < −1, the current acceleration of the universe can be driven by the decay of Dark Matter particles into ELKO field. Furthermore, even for ω φ > 0 the inflationary period can be driven by the decay of the inflaton field (described by the ELKO spinor) into Dark Matter particles.
I. INTRODUCTION
The relatively recent discovery of the accelerated expansion of the universe has been one of the most active research in cosmology [1] . The search for a candidate that can explain the observational data is a challenge that has drawn the attention of many researchers. In general such mysterious component is named Dark Energy (DE) (see [2] for a review). The simplest candidate of DE is the cosmological constant Λ, which might explain most of the current astronomical observations. Another open question in cosmology concerns the Dark Matter (DM) problem (see [3, 4] for a review), which is responsible for the great structures in the universe. The so called ΛCDM model, where CDM stands for Cold Dark Matter, is the best model for the present cosmology. Recent results from the Planck satellite [5] fit quite well with this model. However, from the theoretical point of view such model is plagued with some fundamental problems, thereby stimulating the search for alternative dark energy models [6] . Among such alternative models, scalar dynamical fields has been proposed recently as possible candidates [7] .
Another interesting models deal with the possibility of the coupling between DE and DM. The interaction between these completely different fluids has some important consequences, as addressing the coincidence problem, for instance. The coincidence problem could be alleviated on these models by assuming that the DE decays into DM, thus diminishing the difference between the densities of the two components through the evolution of the Universe. In a series of recent papers the possibility of a coupling between DM and DE has been considered [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
Even more recently, a special kind of non standard spinor field has also been studied both as a DM candidate (from the point of view of quantum field theory) as well as DE (in cosmological applications). This spinor field is the so-called ELKO [22] [23] [24] , which has some interesting and unusual properties. To begin with, this spinor field is formed by a complete set of eigenspinors of the charge conjugator operator, rendering it neutral under U(1) interactions. Moreover, the field obeys only the Klein-Gordon equation. In other words it has mass dimension one. The conjugation of these characteristics made the field quite attractive from many perspectives within the cosmological setup [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] .
The possible interaction between the matter in the universe with the ELKO field have been studied from the point of view of dynamical systems [36, 37] , and stable points of the system have been analysed from different aspects, depending on the choice of the dynamical variables. It is important to emphasise, however, that the dynamical system analysis performed in [37] starts from dynamical equations containing a subtle (but crucial) mistake. In fact, starting from the proper equations we were able to show that there is not a stable fixed point for the underling dynamical system. In order to circumvent this situation, we make use of the deceleration parameter, and the constraint it imposes, extracting physically relevant information about the system. This paper is organised as follows: Section II is somewhat a short review about the use of the ELKO field in cosmology, making contact with ref. [37] . In order to make explicit our claim about the crucial difference concerning the dynamical equations and their implications, we present in the Appendix the right (slightly modified in comparing with [37] ) dynamical equations, and in Section III the stability analysis is performed. The significant improvement of the dynamical system when related to the deceleration parameter is given in Section IV.
In the final Section we conclude.
II. THE ELKO FIELD IN COSMOLOGY: DYNAMICAL EQUATIONS
The ELKO spinor action in the curved spacetime is given by
where V ( ¬ λ λ) is the potential and g ≡ detg µν . The covariant derivatives acting on the ELKO spinors are ∇ µ
where Γ µ are the spin connections. The metric in a spatially flat, homogeneous and isotropic Friedmann-Robertson-Walker in a expanding universe is given by
The ELKO Lagrangian density can be writing as
The equations of motion follows from a principle of least action for L.
As has been done in recent works [29-31, 34, 36] , we restrict the ELKO spinor field to the form λ ≡ φ(t)ξ and
, where ξ and ¬ ξ are constant spinors. In [35] it has been presented exact solutions to ELKO spinor in spatially flat Friedmann-Robertson-Walker expanding space times, and it has been shown that such factorisation of the time component of the ELKO field is possible for some types of scale factors.
Due to the homogeneity of the field (∂ i φ = 0), the equation of motion that follows from (3) is substantially simplified to,
where H =ȧ/a and V ,φ ≡ dV /dφ. The pressure and energy density of spinor dark energy are, according to [31] , respectively given by
It is supposed that the universe is filled with only two components, namely a matter energy density ρ m representing the DM a and a ELKO energy density ρ φ , which could represent the DE for the late time acceleration or the inflaton field for the inflationary epoch. The Friedmann equations in a flat background, the ELKO pressure and energy density can be recast in the form
where κ 2 ≡ 8πG and
Despite both new variables do not contain pure kinetic and potential elements we shall call, for simplicity, X andṼ as the kinetic and potential energy of the field φ, respectively. The continuity equations for matter and scalar field are, respectivelẏ
where Q stands for a possible interaction term between the DM and the ELKO field. If Q = 0 there is no interaction and the two components evolve separately. If Q > 0 there is the decay of ELKO field into DM, an interesting scenery at the inflation, and if Q < 0 we have DM decaying into Elko field (or DE), an interesting approach to late time acceleration. The matter part is described by a perfect fluid with equation of state p m = (γ − 1)ρ m . Following [37] , it is defined the new variables
the Friedmann equation (7) can be written as a constraint equation
or in terms of the densities parameters, Ω φ + Ω m = 1, where
1 Such a decomposition on the pressure and energy density was introduced by Basak et al. [37] .
In order to satisfy observational data for a FRW flat universe, it will be imposed the additional condition 0 ≤ v 2 ≤ 1 and 0 ≤ x 2 + y 2 ≤ 1.
The equations (8), (12) and (13) can be written as a dynamical system of the form (see the Appendix for a brief deduction):
where ′ stands for the derivative with respect to N ≡ ln a, such that f ′ =ḟ /H for any function f . We reinforce the appearance of a 1/2 factor in the second term of the right-hand side of Eq. (17) . The following parameters are defined:
ǫ is related to the decelerated parameter q according to
so that the expansion is accelerated for q < 0 (or ǫ < 1) and decelerated for q > 0 (or ǫ > 1). Specifically, it is important to note that recent observational results from the Planck satellite measurements of the CMB temperature and lensing-potential power spectra [5] gives q 0 ≃ −0.527 for the present deceleration parameter, with Ω m ≃ 0.315 and Ω Λ ≃ 0.685 (31.5% of dust matter in the universe and 68.5% of dark energy, or cosmological constant, responsible for the present accelerated expansion). Another interesting scenery concerns the inflation, which must have q → −1 (or ǫ → 0), so that the expansion could be nearly exponential or a de Sitter evolution. The above three dynamical equations (17), (18) and (19) are exactly the same as obtained by Basak et al. [37] , except by the factor 2 in the denominator of the second term in the right-hand side term of Eq. (17) . Such missing factor, as we will show later in next section, took the authors of [37] to a misplaced result about stability in this system.
III. STABILITY ANALYSIS
In order to study the dynamic solutions for different types of the interaction term Q, our analysis will be restricted to the first two equations, namely the equations for x and v. For this, we impose the condition
. The system (17) and (18) turns to:
The associated linearised matrix, ensured by the topological equivalence settled by the Hartmann-Grobman theorem [39] , is given by
where
δx and δy are the infinitesimal displacements about the fixed points. The stability of the system at a fixed point can be obtained from the standard analysis of the determinant (∆) and the trace (τ ) of the matrix M. According to the usual dynamical system theory, if ∆ < 0 the eigenvalues are real and have opposite signs, hence the corresponding fixed point is a saddle point. On the other hand, if ∆ > 0 and τ < 0 the fixed point is stable, whilst if ∆ > 0 and τ > 0 the fixed point is unstable [39] . The fixed points (x,v) for which the above system satisfies x ′ = 0 and v ′ = 0 depends on the choice of the interaction term Q, and several possibilities will be treated in the sequel. Here we consider only the case where the matter part is pressureless, thus we take γ = 1 from now on.
Here we have Q = 0, and consequently, there is no interaction between the matter and the ELKO field. Such interaction was treated by Wei [36] with choice of the variables other than (14) , and no stable point was found. The fixed points of the system (21)- (22) β] and nothing can be said about the stability of the fixed points, since ∆ = 0 in both cases.
At this time we have an interaction of the form Q = βH(ρ φ + p φ ). The fixed points are
,v = v], and again ∆ = 0.
,v = v], and it can be easily obtained that ∆ = 0.
In this case we have Q = βx] and ∆ = 0 in both cases.
Here we have Q = βx 2 ] and, as the other cases, we have ∆ = 0. Having analysed all the previous cases where the determinant is always zero, we have used an algebraic manipulation software to test different functions. The functions analysed were of the types: x n f (v) and v n f (x), with n = 1, 2, 3, 4, and for all of them the determinant is always zero. This leads us to the conclusion that the new choice of variables keeps the same results studied by Wei [36] , where no point of stability has been found for different types of interaction.
IV. STABILITY ANALYSIS WITH DECELERATION PARAMETER
The above study show us that the dynamical system characterised by the equations (17)- (19) with the Friedmann constraint (15) does not presents an isolated fixed point, since a null determinant means that at least one eigenvalue is zero, and there is either a whole line of fixed points on x or v axis. In order to circumvent this situation we shall investigate the subsequent dynamical system for the case in which another (physical) constraint can be used to select attractor points with physical meaning. Our aim is to analyse under which conditions the system presents stable points if we set the deceleration parameter q nearly constant, which is equivalent to say that we are interested in the stability of the system for some specific time of the evolution. Hence we shall study under which conditions the universe is accelerated (q < 0) or decelerated (q > 0).
According to recent observations, q ≃ −0.53 in the ΛCDM theory. At the transition from decelerated to accelerated phase we have q = 0. Moreover, if we are dealing with an interacting model, where DM can decay into ELKO field and vice versa, at every moment the contribution from the both components are changing, thus it only makes sense to study the system around specific time intervals.
Since we are assuming ǫ = − λ 2H
and this analysis is independent of the potential, in order to implement our new condition on q it is sufficient to imposeV ∝Ṽ H, leading to ǫ ′ ≃ 0 (and consequently to q ′ ≃ 0), rendering q nearly constant. Using (20) , the new constraint between the variables x and v can be written as
thus the system of two equations (21)- (22) reduces to only one independent evolution equation. We choose to work with the v equation, which can be recast as
Having solved the above equation for the fixed pointv, the correspondingx can be found by using (25) . In order to study the stability of the system it is necessary to verify its behaviour in a close neighbourhood of the fixed points. For this we define the parameter η(v) ≡ dv ′ dv . The fixed pointv will be stable if η(v) < 0 and unstable if η(v) > 0 [39] . Now let us to analyse the system for all relevant interaction terms.
With a null interaction term Q the fixed points of (26) ) or an accelerated expansion (q < 0). Notice that the fixed point v = 0 corresponds tov 2 = Ω m = 0 and Ω φ = 1. It is interesting to notice that such model can be useful to explain the inflationary phase of the universe, where the ELKO field could be interpreted as the inflaton field. ,v = ±
]. We have η = −1 + 2q at the fixed point. In order to satisfy simultaneously the conditions η < 0 we must have q < 1 2 . Thus it is also possible both an accelerated (q < 0) or a decelerated expansion (0 < q < 1 2 ) for this model. Notice that we did not have any information about β. Now, if we impose the additional condition 0 ≤v 2 ≤ 1 forv (which corresponds to 0 ≤ Ω m ≤ 1), we have
. This shows that β can assume only positive values, indicating a positive interaction term Q, so that we have only the possibility of the decay of ELKO field into DM.
In order to apply this model to the late time acceleration of the universe, we set the observational constraintv 2 = Ω m = 0.315 (31, 5% of matter in the universe) and q = −0.53.
Thus we are left with β = 0.32. This shows that the present accelerated phase of expansion of the universe may be due to the decay of ELKO field into DM. This model has a much more interesting interpretation at the inflationary phase. Since the interaction term β is always positive, and accelerated solutions are stable, we can interpret the ELKO field as the inflaton decaying into DM particles at the early universe. Taking for instancev 2 = Ω m ≃ 0.01, Ω φ ≃ 0.99 and q ≃ −1, we must have β ≃ 0.015, a very tiny coupling for the interaction, but yet indicating a decaying of ELKO field into DM.
In this case the fixed points are [x = ± 1 3
(1 + q),v = 0] and in order to satisfy the condition η < 0 we must have q < ( (positive interaction term) we have q < 0, admitting also an accelerated expansion while the ELKO field decays into DM particle. If the potential part of ρ φ dominates over the kinetic (ȳ 2 ≫x 2 ), we have q → −1 for
, a completely accelerated scenery, as required for the inflation and allowing the decay of ELKO field into DM. When the kinetic part dominates over the potential (x 2 ≫ȳ 2 ) we have q → 2 and β → − , a completely decelerated scenery, inconsistent with the inflationary model.
For this interaction the fixed points are [
]. We have η = −1 + 2q − β. In order to satisfy η < 0 and also the condition 0 ≤ v 2 ≤ 1 we must have the following conditions:
The first condition contains the best fit value q = −0.53 for a positive β. Particularly for v 2 = Ω m = 0.315 we should have β > 0.90 in order to satisfy q < 0. If we rewrite the corresponding interaction in terms of the equation of state parameter for the ELKO field,
, we have Q = βH(1 + ω φ )ρ φ . Thus we see that for a phantom-like equation of state (ω φ < −1), the late time acceleration could be interpreted as the decay of DM particles into ELKO field since we have a positive β, but the interaction Q will be negative due to the phantom regime, even with β > 0.
It is also interesting to note that for the second condition, namely q < −1 and −3 < β < 0, we always have an accelerated expansion with the possibility of DM decaying into ELKO field. β(1 + q). In order to satisfy η < 0 and also the condition 0 ≤v 2 ≤ 1 we must have the following condition:
We see that if β > 3 2 there is an accelerated expansion (q < 0). For the best fit valuē v 2 = Ω m = 0.315 we should have β > 2.84 in order to satisfy q < 0. Here, again, we see that for a phantom like equation of state (ω φ < −1), the late time acceleration could be interpreted as the decay of DM particles into ELKO field since we have a positive β but again the interaction will be negative due to the phantom regime.
For the second pair of fixed points the conditions are:
Note that we havev 2 = Ω m = 0 and hence such model can be applied to the early inflationary universe. If the kinetic term of ρ φ dominates over the potential (x 2 ≫ȳ 2 ), we have q → 2 and
, consequently a decelerated expansion. If the potential part dominates (ȳ 2 ≫x 2 ) we have q → −1 and −∞ < β < ∞, thus we have a scenery where the evolution is accelerated and the parameter β can assume any value, allowing for the decay of ELKO field into DM particles. Let us conclude this Section by making a brief general overview about the dynamical system investigated here. There are two main compatible constraints which must be respected: Eqs. (15) for fixed y and (25) . From the point of view of the dynamical system analysis it is insightful to think of the flux occurring in one of the curves in the (x, v) plane denoted by the aforementioned constraints. To fix ideas we can take the nowadays value for q ∼ −0.53, rendering (25) a parabola equation. Thus, the system flows over the parabola and the fixed points engender the radius (to be fitted by y) of the circle given by (15) .
V. CONCLUDING REMARKS
In this work it has been analysed the dynamical system concerning the study of an interacting Dark Matter model with ELKO fields. Due to an incorrect factor in the evolution equations present in the ref. [37] , one of the two cases there analysed leads to an inconsistent result. In their analysis it is possible to find out stable points for some interaction terms between DM and the ELKO field. However, with the correct factor in the evolution equations, we have shown that for several interaction terms there are no attractor points. Based on this result we have proposed a new analysis in which the deceleration parameter q is taken as approximately constant during some time of the evolution. Within this context, we have studied the conditions under which we can have stable points.
We have found in Section IV the conditions between the interaction coupling β and the deceleration parameter q in order to have stable points for the system. Stable points concerning the inflationary phase were found for several interactions terms. The late time acceleration also presents stable points. The best fit values of the ΛCDM model (Ω m = 0.315, q = −0.53) are possible only for positive values of β, indicating a decay of ELKO field into DM particles. It is also shown that only if the ELKO field satisfies a phantom like equation of state (discussed in the cases D and E) there is the possibility of the decay of DM particles into ELKO field. It is important to highlight that this new analysis in terms of the deceleration parameter leads to several interesting possibilities related to both inflationary phase as the current phase of acceleration, which could, for instance, alleviate the coincidence problem.
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Appendix: dynamical system equations
Here we briefly present the deduction of the dynamical system equations, namely Eqs. (17)- (19) . The main goal is to clarify the appearance of the missing factor 2 in equation of x ′ from Basak et. al. [37] . By taking Eqs. (9), the derivativeρ φ = ρ ′ φ H and ρ ′ φ = X ′ +Ṽ ′ into (13) we arrive at
Taking the derivative ′ of x 2 from (14) we have
Using
H ′ H =Ḣ H 2 = −ǫ into (31) and then substituting into (30) it is possible, after rearranging terms, to get
where λ =˙Ṽ V and Q 1 = κ 2 Q 
Taking the derivative ′ of v 2 from (14) we have
As before, we write H ′ in terms of ǫ and then substitute the result into (33) . Doing some simple manipulations it is possible find that
Finally, the expression for y ′ can be obtained by taking the derivative ′ of y 2 from (14) and using the above definitions for λ and ǫ, and also thatV =Ṽ ′ H. After rearrange the terms we have
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